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ABSTRACT
Part I of this report evaluates a computer solution for
the centrifugal stresses in rotors of arbitrary cross section,
as proposed by Lt. R. A. Johnson in 1965- This solution was
found to be unstable and in its present form is unacceptable.
Part II is an evaluation of the hot spin test unit of
the United States Naval Postgraduate School. This facility
;
was found capable of measuring centrifugal strains with
excellent accuracy.
Part III presents a new and original analytical solution
for the stresses in any conical rotor of constant thickness.
The theoretically predicted stresses are found to be in close
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TABLE OF SYMBOLS AND ABBREVIATIONS
p Mass density of rotor material, ( lb. sec.2/in.^)
<TK Radial stress, (lb./sq. in.)
<Tq Tangential stress, (lb./sq. in.)
<j^ Axial stress, (lb./sq. in.)
co Angular velocity, (rad./sec.
)
r Radial coordinate Radial distance, (in.)
e Tangential coordinate Angle between vertical and rQ
z Axial coordinate Axial distance, (in.)
§ Airy's stress function
v Polsson's ratio
*7 Differential operator
r Q Radial distance to assumed load, (in.)
z Q Axial distance to assumed load, (in.)
R Radial distance from rotor periphery point to point
of assumed load, (in.) Maximum radius, (in.)
n n^h point station on the rotor periphery
m mtn point station on the imaginary boundary
P Axial load parameter
Q Radial load parameter
(p)
<V The radial stress at point n caused by an axial load
nm%
P applied at imaginary point m
CM The radial stress at point n obtained from the par-
n
P"8r ticular solution
o^; The known radial stress at point n associated with
°*c- boundary conditions
E Modulus of elasticity, (psi)
G Modulus of rigidity, (psi)
AV Recorder reading, (millivolts)
£ Strain, (microinches/inch)
G.F. Gage factor
Vc Impressed circuit voltage, (volts)
Tr Distributed force in radial direction, (lb. /in.
)
Te Distributed force in tangential direction, (lb. /in.
)
Mr Distributed radial bending moment, (in. lb. /in.)
M@ Distributed tangential bending moment, (in. lb. /in.)
h Thickness of disk with respect to the z axis, (in.)
TT Axial distance to centroid of disk, (in.)
ur Radial displacement of centroid




3^d Direct radial stress
(jj; Bending radial stress
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SUMMARY
Current aeronautical and space engineering technology-
has shown a requirement for light weight, high speed, rot-
ating components. Unsymmetrlcal heating may induce an
undesirable stress distribution in these rotors. It is
possible that a rotor which is designed to be unsymmetrlcal
in the plane normal to the axis of rotation, can be used to
alter favorably this stress pattern. Furthermore, design
restrictions may require utilizing a rotor which has no
plane of symmetry normal to the axis of rotation.
Prediction of centrifugal and thermal stresses of
these rotating components having arbitrary cross section
has been a difficult problem, based essentially on approx-
imate methods. A more accurate analytical solution is
desirable. Additionally, more accurate methods of measuring
the stresses developed in such rotors would be advantageous.
This paper presents investigations undertaken to
accomplish both of the above stated objectives. It consists
of three parts. The first part is the expansion and eval-
uation of a proposed theoretical solution for the centrifugal
elastic stresses in a rotor of arbitrary and unsymmetrical
cross section. A computer formulation of this solution
was developed by Lieutenant Robert A. Johnson in 19&5"
Further investigation of this solution was conducted by the
current authors. Application of the method to the limiting
case of a symmetrical flat disk suggested that the theory
was sound. However, computer analysis of shapes other than
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the above were unsatisfactory. The results indicated that
the computer program, which requires the simultaneous solution
of a large number of equations, is extremely sensitive to
rotor contour and is inherently unstable. Further invest-
igation is required to determine the nature of this instab-
ility and possible means of eliminating it.
The second part of this paper is an evaluation of the
hot spin test facilities of the United States Naval Post-
graduate School. An experimental investigation was conducted
to determine the strain measuring capabilities of this
recently acquired unit.
Two slip ring assemblies were supplied with this facility.
The first of these is air cooled and has intermittant brush
contact. The second has freon cooling and continuous brush
contact. Utilization of the air-cooled unit proved unsatis-
factory. The difficulty was associated with the method of
connecting the slip ring and strain gage wiring. With the
second assembly installed, satisfactory results were obtained.
A flat disk test rotor was fabricated and utilized
to evaluate the unit. The induced strains in this rotor
were measured. These were converted to stresses and the
results compared to the known theoretical solution. Agree-
ment was good. The amount of data scatter was slight. The
standard deviation of strain was estimated to be 15 micro-
inches per inch.
To provide experimental verification of the theoretical
solution for the stresses in unsymmetrical rotors, a coned
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rotor of constant thickness was fabricated and tested.
Part III of this report presents the results of these tests,
and an exact analytical solution for the stresses in any-
coned rotor. This solution was made necessary by failure
of Part I to give the expected results.
The solution shows that the stress distribution is
essentially determined by a single parameter, which depends
on the geometry of the disk. The stresses at any point are
fixed by a set of -non-dimensional functions. These functions
can be tabulated once and for all, whereupon the stresses
in any conical rotor of constant thickness can be found
i
without the necessity of using a computer.
For the specific rotor tested, analytical and measured
stresses compared favorably. The stresses of the middle
surface were found to be generally less than in a symmetrical
disk. However, large surface stresses were induced, with
considerable stress variation across the thickness.
This investigation has demonstrated that the hot spin
unit is capable of making accurate strain measurements. This
capability should be fully exploited. While the goal of
predicting the stresses in a rotor of arbitrary cross
section has not yet been reached, the exact solution for
the centrifugal stresses in coned rotors is believed
to be a significant contribution towards attaining this goal.
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PART I: STRESSES IN ROTORS OF ARBITRARY CROSS SECTION
INTRODUCTION
This section of this report is concerned with the
stress analysis of rotating shapes having no plane of
symmetry normal to the axis of rotation. An attempt to
obtain an analytical solution for the centrifugal elastic
stresses in a rotor of arbitrary and unsymmetrical cross
section was initiated by Lieutenant Robert A. Johnson, [lj
,
at the United States Naval Postgraduate School, Monterey,
California in 1965* Due to time limitations the proposed
computerized solution was not completed. The present paper
includes an expansion of Lt. Johnson's investigation and an
evaluation of the results obtained.
If
The method chosen to evaluate this solution was compar-
ison of computer results with the known solution for the
limiting case of a symmetrical rotating disk. These results
indicated that the theoretical solution was essentially




The following Is a synopsis of the proposed analytical
solution [l] for the centrifugal elastic stresses in a
rotating disk of arbitrary cross section. Where required,
this solution has been corrected by the current authors.
The usual assumption of linearity between stress and
strain is adopted in this study. The rotor is homogeneous.
Variations of physical properties with temperature might
well be significant but are neglected in the present invest-
igation.
For the proposed rotor of arbitrary cross section,
rotating at a constant angular velocity (u>) , as in Fig. 1,
the governing differential equations of equilibrium in
cylindrical coordinates are ;-
£!**_ + i£ + 2k. =0 (l-i)
On OZ A
By assuming a stress function, $ , In the form of














To define completely the stresses in the rotor being
considered, it is necessary to determine a complementary
solution to equations (1-1). Assuming such a solution is
found, superposition of it and the particular solution,
and utilization of the appropriate boundary conditions,
will yield the stresses at all points of the body.
For the complementary solution, the equations of
equilibrium reduce to
(1-3)
Utilizing the concept of a stress function, <|> ,
equations (1-3) are identically satisfied by placing
d-4)
(£ = ^>z O-y) v
r
- 5;h>** - ^J
It can be shown pf] that compatibility of strains
requires in addition that the stress function satisfy
the equation
V*$ = O (1 _ 5)
Since equation (1-5) is linear, the required comple-
mentary solution can be expressed in the form of a linear
combination of judiciously chosen stress functions. Each
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of these must individually satisfy equations (l-*0 and
(l-5)» The amplitudes of the selected stress functions
are determined so as to satisfy appropriate boundary con-
ditions at selected points on the rotor periphery. To
satisfy these boundary conditions, it is assumed that a
series of axial and radial loads are applied along a control
contour, that is, an Imaginary boundary located at a finite
distance from the actual rotor surface, Fig. 1. Each of
these assumed loads has associated with it a stress dis-
tribution and corresponding stress function. The stress
distributions corresponding to the assumed axial and radial
ring loads of unit intensity are unknown but may be found.
To obtain the stress components for the above loads,
the known results for a simple concentrated load [2]
are utilized. This concept of a unit concentrated load is
expanded into a series of infinitesimal loads uniformly
distributed along a ring. Integration around the complete
periphery yields the final stress components for each
unit axial and radial ring loa^.
In Fig. 1, the stress components associated with the
ring loads applied at a particular point (m) of the control
contour, affect all points on the rotor surface. Conversely,
the stresses induced at some point (n) on the rotor surface
include effects from all points of assumed load application.
In integral form, the final stress components at any rotor
surface point (n) due to application of a unit axial load
at point (m), are found to be
15
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The final stress components at any rotor surface point
(n) due to application of a unit radial load at point (ra)
are of a similar nature and are as shown in Ql] . The
eight resulting integrals can be evaluated by computer for
any assigned values of the arguments (r/r ) and (z-z )/r .
Note that r ,z are the coordinates of the ring load (m) on
the control contour, and r,z are the coordinates of the point
(n) where the stresses are being evaluated. Hence the
arguments (r/r Q ) and (z-z )/r merely express the location
of the point (n) with respect to the ring load at (m). These
integral functions are essentially influence coefficients
which express in generalized terms the stresses at (n)
produced by unit loads acting at (m).
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Utilizing Mohr's circle relationships, solutions to
equations (1-6) are converted into normal stresses, <rN ,
and tangential stresses,"^ , at each point (n) on the rotor
surface. The resulting boundary stress equations become
of the form
^n«i (1-7)
where the unit axial and radial loads applied at each point
(m) are to be multiplied by undetermined amplitudes Pm and
Qm , and where superscripts P and Q are used to represent
axial and radial ring loads respectively.
This complementary solution is to be superimposed upon
the particular solution for the radial and tangential stresses
at each point (n). These are obtained by applying Mohr's
circle relationships to equations (1-2). This combination
is then set equal to the known boundary stresses and thereby
defines the solution for the unknown coefficients Pm and Qm .
To solve for these unknown coefficients, a stress matrix
consisting of 2»k equations must be solved, where k repre-
sents the number of assumed points of load application. This
stress matrix is of the form
n & (p> <& <& (& ® (1-8)
(P^ (P} (P3 ^ @> ©>
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(p) (P) <& fe& (1-8)
(P) (P) &> CO)
P?t * p,r. ^Qt * orr +t^ - i;
p.CT <*'C
When the solution to this matrix is found, the coeffi-
cients may be substituted into the following equations to
yield the stresses desired. Thus




<^ - > ?
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It can be seen that this problem is very complex.
Consider, for example, the necessity of repeatedly eval-
uating eight difficult integral expressions, formulas (1-6).
Note also the necessity of solving a stress matrix of 2«k
simultaneous equations. Clearly, a computer solution Is
dictated. This solution is shown in Appendix A and contains
several changes from that originally formulated in reference
A trial and error approach was the only feasible
method for checking this program. This entailed repeated
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computer runs. The Initial objective was to use this method
to compare with the known results for a flat rotating disk.
It was considered reasonable that before attempting to apply
this method to the difficult problem of the unsymraetrical
rotor, it should first be verified for the much simpler
limiting case of the symmetrical disk. The choice of a
symmetrical disk was particularly advantageous because sym-
metry simplified the problem of checking computer program
results. Using the rotor of Fig. 2 as an example, the effects
on the rotor periphery points of a load application at some
point m=l on the control contour, must be symmetrically re-
lated to the effects obtained by assuming load application at
point m=l^. This means that the coefficients, Pm and Qm ,
obtained from the solution of the stress matrix, equations
(1-8), must be symmetrically related. Since <J^ and G~& at
point n=l , Pig. 2, must be equal to (fn. and <r& at point n=l^,
it was determined that in the computer program results P^
must equal
-Pi4 and Q^ must equal Qi^.
The computer program, in its initial form, when util-
ized to solve the stresses in a symmetrical disk, at first
gave stress results which were several orders of magnitude
in error. There was no symmetry either among the coefficients
generated from the solution of the stress matrix, equations
(1-8), or in the solution of the integral equations,
equations (1-6).
Two major improvements in the computer program, Appeniix
A, were used to produce the desired symmetry. The TEST value
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of the integration program SIMCON, used to solve equations
(1-6), was found to be unrealistic. This value was reduced
from 0.1 to 0.1x10" -5. The second major change was in the
method of introducing the angles "N n . These are the angles
which the rotor surface makes with the pla|le of rotation
and were initially introduced in radians. It was found that
this method introduced significant errors in calculating
the sin and cos functions of 2K The ^ input was changed
to an input of fractions of "rr and an accurate method of
calculating tt was added to the program.
These two program changes resulted in producing the
desired symmetry relationships to an accuracy which was
believed acceptable. The magnitude of the calculated
stresses was still considerably in error, but this was felt
to be a function of the location of the imaginary control
boundary.
It was believed that the imaginary boundary or control
contour location was a critical factor in achieving the
desired results. A location too close to the rotor surface,
was expected to give an irregular stress distribution. A
location too distant from the rotor surface was jpjcpected to
cause inaccuracies associated with limitations in the number
of significant figures available. It was believed that a
generous range of boundary locations existed which would
provide both a smooth stress distribution and the desired
accuracy. Based on this presumption, an attempt to deter-
mine this optimum location of the control contour was
20
undertaken.
The shape of the imaginary contour most thoroughly
investigated was as shown in Fig. 2. Although the effects
of several other control contours were studied, this parti-
cular contour was selected for primary effort since all
points on it are approximately the same distance from the
rotor boundary. Major effort was directed towards the case
of 14 equally spaced points of assumed load application along
the control contour. Other numbers were also studied to some
extent, but 14 was selected to keep computer run time within
reasonable limits, (15 to 40 minutes). Satisfying the bound-
ary conditions at 14 rotor surface points was believed to
approximate sufficiently the exact boundary conditions.
Shown in Figs. 3 and 4 is the known solution, [2] , for
radial and tangential stresses in a symmetrical disk of
uniform thickness. These stresses have been non-dimension-
allzed by dividing by the normalizing factor
and have been plotted against relative radius (r/R). Also
shown on these figures are similar plots of the stress data
obtained by assuming various locations of the imaginary
boundary. As shown, an Imaginary boundary contour located
at a distance of 14 inches from the rotor middle surface
gave the best results for both the radial and tangential
stresses. A one inch range of boundary locations between
13*5 to 14.5 inches gave fair results. This range was much
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narrower than expected. The results for assumed boundary-
locations less than 9 inches and greater than 16 inches are
not shown. These were extremely erroneous and had to be
rejected.
In the above investigation, the rotor material prop-
erties, dimensions, and speed used were
Poisson^ ratio = v =
.3333
Rotor density = e = . 000?2 (lb.sec. 2/in.^)
Maximum radius = R = 12 (inches)
Thickness = t = 2 (inches)
Speed = = 11,500 (rpm)
Using an imaginary boundary with spacing parameter
D=l4 inches, Pig. 2, and a rotor of maximum radius R=12
inches, computer runs were made with different values of the
quantities v , F , and <^ . Theory indicates that variation
of these quantities should have no effect on the accuracy of
the results. The computer solution agreed with this theory,
giving results of the same degree of accuracy.
The best results in Figs. 3 and 4 were obtained
for a value of D/R=7/6. Maintaining this ratio, geometric-
ally similar disks of differing absolute value of maximum
radius R and thickness t were investigated. This non-
dimensional ratio D/R was believed to be the principal
scale factor* If the proper ratio were maintained, the
stress solution for geometrically similar disks should be
accurate. Again, the results of the computer solution
justified this assumption. The accuracy of the results was
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not significantly different from that previously obtained.
Since the computer formulation now gave essentially the
correct results for flat disks, the next logical step was
to study symmetrical disks of variable thickness. The
special case of a disk of uniform stress was selected. [~5j*
For this type of rotor the stress is given by
0~= C- <T = -
where
H = rotor thickness at r=R
hQ = rotor thickness at r=0
Values of H, h
, /f, w, and R were selected to generate a










The thickness (h) at any point (r) was determined from
— run n
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These results were introduced into the computer program.
The ratio D/R=7/6 was maintained. The computed stresses did
not correlate with the known stress ( (T ) . No constant stress
of any magnitude was obtained. The generated stresses were
in error up to an order of magnitude of ten.
As a further check of the solution, a coned rotor of
constant thickness was introduced. The dimensions of this




The theoretical solution for this rotor shape is given in
Part III of this report. Again the results were unfavorable.
Both radial and tangential stresses were completely erroneous
In both these cases it was noted that the results were ex-
tremely sensitive to very slight variation in the coordinates
(r) and (z) which defined the rotor periphery points (n).
That is, a change of only .01 inches in the value of the z
2k
coordinate at one point could, for example, change all
stresses by a factor of ten. Similar sensitivity to minor
changes in the slope (~h) of the rotor contour was noted*
After many tests with both the constant stress shape
and the coned rotor shape, no satisfactory results were
obtained.
CONCLUSIONS AND RECOMMENDATIONS
Application of the proposed solution to the limiting
case of a flat symmetrical disk suggested that the theory
was sound. However, for other rotor shapes, no acceptable
results could be obtained. The extreme reaction of the
computer solution to minor changes in rotor contour suggests
that the solution as presently programmed is inherently
unstable. The reason for this sensitivity is not known.
It is believed to be associated with the solution of the
stress matrix. In view of the obvious benefits to be
obtained if this solution can be stabilized, further invest-
igation of these difficulties is warranted.
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PART II? HOT SPIN TEST UNIT EVALUATION
GENERAL DESCRIPTION
The hot spin test unit, designed and built for the
aeronautical propulsion laboratories of the United States
Naval Postgraduate School by the Baldwin-Lima-Hamilton
Corporation, was accepted from the contractor on 22 November
1965. This unit is designed for testing various types of
turbine and compressor rotors at both ambient and elevated
temperatures. Both strain gage and thermocouple readings can
be recorded during operation.
The test unit consists of four major components; The
spin tank and drive assembly, the vacuum service unit, the
heating system, and the control console.
The unit is designed to test rotors up to 5° inches in
diameter with a maximum axial length of 24 inches. Maximum
recording speed is 50,000 revolutions per minute. Maximum
design rotor rim temperature is 1800 P.
The test unit can be driven by either of two sizes of
air turbines. These are the Pelton turbine rated for speeds
up to 30*000 rpm, or the Barbour-Stockwell turbine rated for
speeds up to 50,000 rpm. The choice of drive turbine to be
utilized is fixed by the size of the rotor to be tested.
The output from the strain gages or thermocouples
which are mounted on the test rotor, passes through a slip
ring assembly to reach the recorder. Two such assemblies
are supplied with the test unit. The Superior Carbon slip
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ring assembly has 36 rings available and the Lebow unit has
16 rings. The number of strain gages that can be used in
each test depends on the slip ring assembly used, and on
the method of wiring the bridge network. A common wire
bridge system will allow the use of 36 strain gages using
the Superior Carbon assembly or 16 gages using the Lebow
assembly. However, since the test unit recorder has only
12 channels, use of more than 12 gages will require changing
the wiring to the recorder during the test being conducted.
The output from the slip ring assembly is fed into a
Minneapolis-Honeywell Electronik 15 multipoint recorder.
The output from the thermocouples is recorded directly on
a strip chart calibrated from to 2000 P. The output
from the strain gages is recorded as a strain signal in
millivolts, printed on a strip chart calibrated from to 10
millivolts. Printed data on the strip charts can be read
with an accuracy of .01 millivolts and 1 degree F.
EVALUATION PROCEDURES
Before conducting any tests on rotors of unknown stress
distribution, it was deemed necessary to calibrate the
recording system, and to test the slip ring assemblies for
inherent errors and/or errors due to frictional heating. In
conducting these tests, only the strain measuring system of
the hot spin test unit was evaluated. Testing of the tem-
perature recording capabilities remains for future investi-
gation. All tests were conducted at ambient temperatures.
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In testing the strain recording capabilities, two
types of' experimental runs were made. In the first of these,
the slip ring devices and the strain recorder were evalu-
ated with no test rotor installed in the unit. The second
type runs had a test rotor Installed.
An initial series of runs was made to determine if
heating of the slip ring brushes would introduce errors.
Both slip ring assemblies were tested. The Superior Carbon
unit, which has intermittent brush contact and air cooling,
was thought to be particularly susceptible to this type of
error. The Lebow slip ring assembly, with continuous brush
contact and freon cooling, was expected to be less subject
to heating error.
In order to establish the presence of heating error, a
pair of strain gages was applied to an external uniaxial
aluminum test specimen. One of these gages was then wired
so that its output would pass in one slip ring and out a
second slip ring. The strain could then be read in milli-
volts on the multipoint recorder. The second gage on the
test specimen was wired directly into the multipoint recorder
and its strain also read in millivolts. Comparison of these
readings was then used to estimate slip ring assembly losses.
The modulus of elasticity of the test specimen was found
by the methods of Appendix B. When the specimen was loaded
with a known weight, the induced strain could be calculated.
A comparison of this known strain value with the two strain
values printed by the recorder was used to detect any error
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Introduced by the recorder itself, and any error due to
slip ring heating.
Both slip ring assemblies were tested in this manner,
with readings taken at 1000 revolutions per minute intervals
from to 20,000 rpm.
After independently evaluating the slip ring assem-
blies and the recorder, it was next deemed necessary to
install a test rotor in the spin unit and establish the
ability to obtain accurate strain measurements at various
speeds. A second series of runs was conducted for this pur-
pose.
A test rotor, of which Fig. 5 is a simplified sketch,
was designed and built to specifications in the Aeronautical
Engineering Department machine shop. This test rotor was a
12 inch diameter flat disk of 0. 5 inch thickness made from
202^- T4 aluminum plate. Pig. 17 in a folder attached to
the back cover of this report, is a machinist's drawing of
the test rotor. This simple shape was chosen since a theore-
tical solution was readily available. Several test speci-
mens were tested in tension and torsion to establish accurate
values of Young's Modulus (E), density (P), modulus of
rigidity (G), and Poisson's ratio {v ). A complete descrip-
tion of these tests can be found in Appendix B.
Ten SR-4, 350 ohm strain gages, five in the tangential
direction and five in the radial direction, were placed on
the test rotor at the locations shown in Pig. 5» Por reasons
of economy, these were not temperature compensating gages,
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and no attempt at temperature compensation was made during
these first tests.
The read-out in millivolts of the multipoint recorder
is associated with the change in voltage across two legs
of a Wheatstone bridge, caused by resistance change in the
gage being strained. The strain gage is one leg of the
bridge, and the other three legs consist of 350 oYm. resistors
which are wired into the circuit at the junction board of the
control console. A diagram of the circuit is shown below.
V= £>*,n-s
350 si









AV = recorder reading (mv)
G.P. = gage factor
V = impressed circuit voltage (volts)
These strains were then converted to stresses in the radial
and tangential directions by the stress-strain relationships
a-^C^-e)
(2,2)
The test data was recorded at various speeds from 1000
to 20,000 revolutions per minute using both the Superior
Carbon and the Lebow slip ring assemblies.
RESULTS AND DISCUSSION
The first series of tests pertained to the evaluation
of heating losses and inherent losses in the slip ring
assemblies and recording equipment. A total of four evalua-
tion runs were conducted, two for each slip ring assembly.
Data from these runs established that the multipoint recorder
gave very accurate readings (J 1%) and that if the carrier
voltage of the'*test circuit was maintained at six volts or
below, heating effects in the slip ring assemblies were
negligible.
The second series of tests pertained to the strain
measuring capabilities of the hot spin test unit. Tests
were conducted with both slip ring assemblies using the
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rotor of Fig. 5«
Four runs were made with the Superior Carbon assembly-
installed. All ten strain gages, Fig. 5t were wired through
the slip ring assembly. In addition, the external gages
described in the previous section were included in the test
runs for verification purposes. Gage number nine shorted
out after assembly, but all other gages were active.
Unfortunately, none of these four runs involving the
Superior Carbon assembly, yielded usable strain data.
Although the gages themselves appeared to be in workable
order and gave proper readings when used with the Lebow
assembly, the data recorded was extremely erratic, and the
recorded strains were not repeatable from one run to the next.
However, the external gage which was wired through the slip
ring assembly, gave acceptable results and did not vary during
the four runs.
During these tests with the Superior Carbon device, a
great amount of difficulty was encountered in joining the
slip ring lead wires to the strain gage lead wires. The
method of attachment provided by the manufacturer was
unrealistic and impossible to accomplish. An alternate
coupling was manufactured by the Aeronautical Engineering
Department machine shop. Unfortunately, this coupling was
designed so that the connection between the strain gage
lead wires and the slip ring lead wires had to be accom-
plished at an appreciable distance from the spin axis.
Furthermore, when the test unit is assembled, the inaccessi-
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bility of the junction point required strain gage lead wires
of excessive length. This surplus wiring had to be tied or
taped to the rotor spindle. It was felt that this method
of attachment allowed centrifugal strains to be induced in
the lead wires near the junction point. These induced strains
were believed to be of comparable magnitude to the strains
within the gages themselves, and therefore this attachment
proved completely unsatisfactory.
A series of three test runs were next made with the
Lebow slip ring assembly, using the same rotor and strain
gage arrangement as described above. However, gages 9 and 10
were eliminated due to the limited capacity of this unit.
These tests were considered successful. Table I con-
tains a partial listing of the raw data recorded and the
computed radial and tangential stresses that these data repre-
sent. Gage number two, waich was at a radius of five
inches, shorted out at the start of the testing. This
reduced the usable data to points at radii of 1.5 inches and
3.25 inches.
In order to have a basis for comparison of the measured
stresses, the two dimensional theoretical stresses for a
disk with no hole at the center, [2] , were calculated from
the following formulas.
oe- *$ rffc-*)8 (2-3)
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It was believed that equations (2-3) give a good
approximation of the test rotor stresses since the hole at
the center of the test rotor is small, (5 inch diameter),
and since the test rotor has compensating reinforcement near
the center.
The test results are compared in the following manner.
Figs. 6 and 7 are plots of radial and tangential stresses
at two particular radii, against the square of centrifugal
speed. The theoretical stresses at each radius (r) are
plotted using equations (2-3) and appear as straight lines.
The measured stresses are plotted as points for each centri-
fugal speed tested. The method of least squares from the
theory of probability and statistics was used to analyze
the measured data. The slope of the best straight line
through the measured test points was found as shown in
Appendix C. The dashed lines of Figs. 6 and 7 are these
lines. The amount of data scatter was analyzed by deter-
mining the estimated standard deviation. This determina-
tion is shown in Appendix C. The overall estimated standard
deviation of stress was found to be 159 psi. Using as a
reference the maximum stress in a disk rotating at 17 t 500
rpm, the ratio of standard deviation to reference stress is
1,2.%. Dividing the overall stress deviation by the modulus
of elasticity gives a mean overall standard deviation of
strain of 15 microinches per inch. This small deviation
indicates that the strain values obtained from the test
apparatus are excellent. In determining the slope of the best
3^
straight line through the measured test points , it was
assumed at the outset that this line passed through the
origin. The small standard deviation of stress shows this
to be a valid assumption. Furthermore, the fact that these
lines do indeed pass through the origin confirms the findings
of earlier test runs which showed that there was a negligible
amount of constant error in the test apparatus.
Figs. 8 and 9 are non-dimensionalized plots of stress
versus radius for the radial and tangential directions respec-
tively. The system of coordinates shown was chosen since
the stresses for all centrifugal speeds will plot as a
single line. For a disk with no hole, the stress is greatest
at the center. This stress was used as a normalizing factor.
At the center of the disk
Figs. 8 and 9 show clearly the relationship between
theoretical and measured stresses in the rotor. The circled
points on these figures are the slope of the measured lines
of Figs. 6 and 7» These figures reveal an excellent corre-
lation between measured and theoretical values at a radius of
3.25 inches. However, at a radius of 1.5 inches the measured
radial stress was about 2.5 Per cent greater than predicted
and the measured tangential stress about 7 Per cent less
than predicted. These measurements were taken close to the
reinforce^ center section of the rotor, Fig. 17. and it
appears that the tangential stresses were somewhat relieved
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in this area. At the same time, the radial stresses were
somewhat augmented. These conditions represent a situation
of over reinforcement of the center section of the disk. It
is probable that removing some of the reinforcement would
give better stress correlation at all radii.
It has been shown that the strain data obtained from
the test unit was excellent. Any improvement in this data
would most likely be realized by the use of temperature
compensating strain gages. Minor factors which could have
introduced errors include inherent strain gage accuracy
(^2.5 ohms), imprecise strain gage alignment in the prin-
cipal directions, and centrifugal speed variations of the
order of 3 (
~
) rpm during data recording.
CONCLUSIONS AND RECOMMENDATIONS
The hot spin unit of the Aeronautical Propulsion
Laboratory is capable of accurately measuring strains in
rotating specimens when the Lebow slip ring assembly is
utilized. Using this configuration, the mean overall
standard deviation of strain was 15 microinches per inch.
Although reduction in data scatter may be slight, it is
recommended that temperature compensating strain gages be
used.
The measured stresses in a symmetrical disk determined
from the hot spin unit were generally in good agreement with
theoretical values. Differences in these values are pri-
marily attributed to a test rotor which varied somewhat from
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theoretical.
At present, it is not possible to measure strains using
the Superior Carbon slip ring assembly. After evaluating
the test runs made with this apparatus, it is concluded that
the erratic behavior of the measured strains is most likely
caused by the method of joining the strain gage lead wires
to the slip ring assembly. It is therefore recommended
that a connector be designed for the Superior Carbon slip
ring assembly similar to the plug-in type connector used on
the Lebow device. This plug-in method is considered the
most convenient and economical means of connecting rotor
and slip ring wiring.
Along with the above conclusions, the following
recommendations are offered to future users of the hot spin
test unit:
1. Use a well calibrated and accurate voltmeter to
monitor the carrier voltage of the Wheatstone bridge, as
this voltage is an important factor in reducing the milli-
volt read-out to a strain value. Maintaining the carrier
voltage below six volts is necessary to prevent errors due
to heating.
2. When installing a test rotor, the allowable runout
at bottom of the lower arbor is .003 inches. It is nearly
impossible to align the test rotor with the turbine shaft
to these tolerances with the shaft mounted in the turbine.
It is much easier to remove the turbine shaft, attach and
align it with the test rotor, and then insert the two as a
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single unit into the drive turbine.
3. When inserting the turbine shaft and rotor into
the drive turbine, use a piece of thin walled hollow tubing
to hold the excess lead wiring coming from the top of the
turbine shaft. In this way you will not damage the bearings
and magnetic seal of the drive turbine.
4o When balancing a test rotor using the Tinius-Olsen
dynamic balancing machine belonging to the Mechanical
Engineering Department, it is sufficient to balance to
within ten of the smallest units of the finest setting of
the balancing machine.
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PART IIIi CENTRIFUGAL STRESSES IN CONICAL ROTORS
INTRODUCTION
In Part I of this report a method of obtaining centri-
fugal stresses in rotors of arbitrary and unsyraraetrical
cross section was attempted. On the presumption that this
solution would prove satisfactory, it was felt that investi-
gation of the special case of a conical rotor of constant
thickness would be beneficial in validating this solution.
A sample conical rotor was fabricated for this purpose.
However, as explained, the general solution obtained in
Part I proved unstable, and consequently an alternate method
of analytically determining the stresses in a conical rotor
was deemed necessary.
This section presents a method of determining the
centrifugal elastic stresses in a coned rotor of constant
thickness. From this solution the theoretical stresses in
a ten degree coned rotor were determined. Comparative
measured stresses for this specific case were obtained from
the spin test facilities described in Part II of this report,
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ANALYSIS
EXACT THEORETICAL SOLUTION FOR CENTRIFUGAL STRESSES IN A
CONICAL ROTOR.
If a rotating disk is axisymmetric but has no plane
of symmetry normal to the axis of rotation, the stresses at
any radius vary over the thickness. Considering Fig. 10, it
is evident that across some arbitrary section AB, the rotor
material beyond AB will exert both a centrifugal force and
a resultant bending moment about the center of AB. This
bending moment can be of considerable magnitude.
The basic assumptions of this analysis are as follows.
The material satisfies Hooke's Law. The stresses are linear
across the thickness of the disk. Deformations are assumed
to be small. The weight of the disk is neglected and the
only forces acting upon it are those induced by rotation.
Shear and axial stresses are negligibly small and linear
elements parallel to the axis of rotation are assumed to
remain linear. ^ The rotor is assumed homogeneous with no
hole at the center. The effects of any material reinforce-
ment near the center is neglected.
Fig. 11 is an element of this disk with the equili-
brium expressed in terms of the distributed forces Tr and Te
and the distributed bending moments Mr and Me computed
1. Hodge and Papa, Q3j » assumed linear elements
parallel to the axis of rotation. This assumption was
also used for the present analysis. The correctness of
this assumption for rotors having large cone angles
requires further investigation.
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about the mean height h. Considering the body force due to
motion and considering equilibrium only in the radial direc-
tion leads to
(3-D
Considering a linear element which was initially parallel
to the z axis, the displacement of the centroid, [3], may be
written as
U>,*)
-uO) - j> - fWl <*) (3-2)
where u(r) is the radial displacement and(J>(r) is the angle








Equations (3-D. (3-2), (3-3). and ( 3-*0 may be reduced
to the following set of equations
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It is desired to express this problem in terms of stress
functions. A pair of stress functions which satisfy the
equilibrium equations (3-1) identically is defined by
'* k
,e T (3-6)X
M- T( - H>A
Substitution of equations (3-6) into equations (3-5)
yields Q33 tne following two second order differential equa-
tions for the stress functions.
T ' ^
(3-7)
Y *('- VJ"T - L'~ VX z (~3Tv **
Fig. 10 represents a coned rotor of arbitrary cone
angle «< rotating about the z axis at angular speed uj . The
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mean height h and the thickness h and their derivatives with
respect to the z axis are given by
v
" *r? * (3-8)
k - o
Substitution of equations (3-8) into equations (3-7)
yields two second order differential equations
(3-9)
where, for convenience we adopt temporarily the notation
C = 12m
C - 17 ^a-*-
C,= (?+y) fV'A
It was assumed that the solutions, T and X t to equa-
tions (3-9) were in the form of power functions of r. Since
no direct particular and complementary solutions could be
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\ v, (3- 10)
* Uo
'
.3/ i?( >// Yli
The substitution of equations (3-10) into equations (3-9)
yields two equations containing the unknown coefficients
A , Ai , Ag i and B , B^ , B2 . . These equations have
a non-trivial solution only if the sum of the coefficients
multiplying each power of r is identically zero. This
approach leads to the following set of equations to be solved
-A,- o
[a,-4-»c,b.]*o









From equations (3-11) AQ and B Q are identically zero.
These equations further reveal A^ and B- to be arbitrary
constants. The n term equations reveal an interdependence
of the even numbered A constants and odd numbered B constants
and conversely the even numbered B constants are related to
the odd numbered A constants. After algebraic manipulation




8* = B«-a ^ ^-3^+0G»-3*V)
(3-12)
where
Further expansion shows that equations (3-12) can be









Using equation (3-13) # the n terms of equations
(3-10) become
(3-15)
where the quantity Ovr) is non-dimensional.
Several of the relationships of equations (3-11) are
dependent upon centrifugal speed. Equations (3-14) reveal
the association that exists between all a and b constants.
Prom these observations it is concluded that the general
solution, equations (3-10) , consists of a particular solu-
tion dependent upon centrifugal speed and two complementary
solutions dependent upon the arbitrary constants a^ and b«.
The first of the complementary solutions is obtained
by setting the arbitrary constant a* equal to 1.0, with b^
and (jj identically zero. Functions obtained are








and where a and b are obtained from equations (3-1^).
In a like manner, setting b. equal to 1.0 with a^ and w






with an and bn obtained from equations (3-1*0-
Functions for the particular solution obtained by






a, - - %
*7
As before, an and b are obtained from equations (3-1*0.
Utilizing the above functions, the solution as origi-
nally formulated, equation (3-10)t can be restated in
equivalent form as
(3-17)
Examination of the functions ^ , ^i , V^ , \ , Xa » and ^ui
reveals that the terms in these functions alternate in sign,
and all series converge rapidly.
Solution (3-17) consists of two equations having two
unknowns, P and Q. Utilizing two boundary conditions for
the specific problem under consideration will lead to a
determination of these unknowns. Values of P and Q specify
the stress functions r and X and the corresponding stress
distribution throughout the rotor.
For the case of a rotor with no external loads, the
boundary conditions of zero stress in the radial direction
and zero radial bending moment at maximum radius must be




Substitution of these boundary conditions in equation (3-10)
yields the following equations for P and Q.
P- A __** A
*. \- tX (3-19)
where all functions are evaluated at r=R.
With these amplitudes determined, equations (3-17) will
lead to values of V and ~X. for any desired radius r.
Radial and tangential stresses in the rotor are com-
prised of direct and bending stresses. [3] . These compo-













Substitution of equations (3-6) and (3-17) into equa-
tions (3-20), and non-dimensionalizing using a normalizing





CN*)*I CM J (3-21)
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tk^(xft I P </> CIS) Q <£ ft*) ^ ft*}
J
In equations (3-6) the functions V and X are deriva-
tives with respect to r. Note that the new functions,
*f| ,
V ' » ^V » X, ' » X>' • and ^*> are derivatives with respect to
the dimensionless variable (TVr). Therefore, differentia-
tion of equations (3-17) leads to
V- l?t s ,v^) * "-^~[P^N-Q^^V^'fT^j
The new functions <P, '
,
^', g^'
, X/» X/ » and X ' become
t>-f
•n-l
v - « .<?"-!>*- of"'
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with all constants a^ through an and b. through b defined
as before.
Using the assumption that the stresses are linear
across the thickness of the disk, the stresses throughout
the disk are completely determined by the stresses on the
convex and concave faces. In the radial and tangential
directions, these are designated <$;, and <%
t
for the convex
face, and %A and <JJa for the concave face. These non-








Substitution of equations (3-21) into equations (3-22)
uniquely determines the radial and tangential surface stresses
at any point on the rotor.
The foregoing solution is readily adapted to computer
methods as shown in Appendix D. An expansion of this
solution to include plots of the non-dlmensionalized func-
tions of the parameter (TVr) will render unnecessary the use
of computer methods. This expansion is explained in the
results and discussion section of this analysis.
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CENTRIFUGAL STRESSES IN A TEN DEGREE CONED ROTOR.
As a validation of the previously discussed theoretical
solution for the centrifugal stresses in a conical rotor, an
investigation was conducted to determine the surface stresses
of a particular case. The rotor chosen for this investiga-
tion was a coned rotor of constant thickness and a ten degree
cone angle.
The test rotor was fabricated at the United States Naval
Postgraduate School. It was made of 202^-T4 aluminum and the
material properties were determined in the manner described
in Appendix B. Pertinent material properties were found to be
?- .ooo2<T8 ^#
V = .33?
Fig. 12 is a sketch of the rotor used in this investiga-
tion. As shown, it had the following basic dimensions.
cone angle =<*= 10 degrees
thickness = h = .5 inches
radius = r =6 inches
max
Strain gages (SR-^4-, 350 ohm) were attached at the loca-
tions shown in Fig. 12. The rotor was dynamically balanced
and then installed in the spin test facility of the United
States Naval Postgraduate School. The induced strains we^e
found in accordance with the methods described in Part II
of this report. The range of centrifugal speeds investi-
gated was from to 15,000 revolutions per minute.
The values of recorded strains were converted to radial
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and tangential stresses in accordance with the procedures
described in Part II of this report. Figs. 13 and 1^ contain
plots of the measured radial and tangential surface stresses
versus the square of centrifugal speed at various radial
distances on both the convex and concave surfaces. Pigs. 15
and 16 contain plots of these same stresses non-dimension-
alized, using a normalizing factor of ^p P«o* R for stress.
This is plotted versus non-dimensionalized radius (r/R). The
normalizing factor g— Puf R3" represents the maximum radial
and tangential stresses in a symmetrical rotating disk. This
factor was chosen to illustrate conveniently the stress
levels.
Utilizing the previously discussed theoretical solution
for the stresses in any coned rotor, an approximate solutfcm
for the stresses in this particular case was determined.
This solution was approximate to the extent that a truncated
six term series was used to represent each of the stress
functions t and X .
Appendix D is the computer program used for this
specific problem. While its format is not readily recog-
nizable as the exact solution presented, it is functionally
the same except that it utilizes the two six term approxi-
mations mentioned. In its present form, this program com-
putes the radial and tangential stresses on both the convex
and concave rotor faces for radius increments of 0.25 inches.
These stresses are listed for centrifugal speeds from to
15 t 000 revolutions per minute in 1000 revolution per minute
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increments.
Stress data from the computer solution is plotted on
Figs, 13 through 16.
RESULTS AND DISCUSSION
The exact theoretical solution described in Part III
will accurately determine the stresses in any conical rotor
of constant thickness. For disks without a central hole,
the present solution may be readily extended to include
arbitrary loading at the outer rim. For disks with a central
hole it will be necessary to redefine the power series,
equations (3-10). to Include negative exponents. The method
of solution will be similar to that presented, with the
exception that the defining stress functions, equations
(3-17). will consist of four complementary solutions and
four arbitrary constants. These arbitrary constants will be
determined by two boundary conditions at the rotor rim and
two at the hole.
Equations (3-17) in the form presented are dimensional.
These stress functions may be non-diraensionalized in the
following manner.
Since P and Q, from equations (3-19). are determined by
the parameter (> R) , it is enlightening to rewrite these
5^
dimensionless stress functions in the form
yy, P(tvr) q>C*n) * QOR) V>On) - y»CK)
X* - p (V) X.On) + qCkr) X, CM 4- Xo (>*)
This reveals that the stress functions for this problem are
characterized by the single parameter CNR). This parameter
is defined as
R
Values of this parameter will define the distributed forces
and the distributed bending moments, equations (3-6), in a
conical rotor. It is noted that the final stresses are
additionally dependent upon the parameters (tan°< ) and ('-»> ).
The argument of the 12 non-dimenslonalized functions
which appear in equations (3-21) is ("Nr). These functions
can easily be tabulated and drawn over a range of values of
(*Nr). Once this is done, a computer solution for this prob-
lem is unnecessary. For a specific problem being considered,
("NR) is known. By entering the curves and tabulations with
this value of (T^R), P and Q are determined using equations
(3-19)* Reentering these carves with any selected value of
("N r) and utilizing equations (3-21) will immediately lead
to the direct and bending stresses at the corresponding
rotor point.
The assumption of linear elements parallel to the axis
of rotation may invalidate this general solution for rotors
of large cone angles. This matter is unresolved and requires
further investigation,.
55
The utilization of the general solution to predict
the centrifugal stresses in a ten degree coned rotor gave
generally satisfactory results. Since all series rapidly
converge, the use of six term approximations gave results
nearly indistinguishable from the exact solution.
It was expected that all stresses would be linear with
the square of centrifugal speed. Figs. 13 and 14 show this
to be the case. The amount of measured data scatter reflected
on these figures is of the same order of magnitude as that
reflected in Part II of this report. Any improvement in
these data would most likely be accomplished by the use of
temperature compensating strain gages.
Figs. 15 and 16 contain the theoretical and comparative
measured stresses obtained for this specific rotor. In
general, the discrepancies between these values are somewhat
greater than those observed in the symmetrical disk. It
appears that the radial stresses at r=l
.
5 inches were some-
what augmented and the tangential stresses somewhat relieved.
These deviations are again attributed to the differences
between the test rotor and the theoretical rotor. The
measured data again represents a situation of over reinforce-
ment near the center section of the disk.
FigSo 15 and 16 additionally show the variation of
radial and tangential stresses across the thickness of the
disk versus relative radius. Comparison of these curves with
similar curves for a symmetrical disk, Figs. 8 and 9.
illustrate the following points.
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In a symmetrical disk, stresses across the thickness of
the disk are virtually constant. For a coned rotor there is
obviously a large stress variation across the thickness. At
relative radius locations less than . 55» an element located on
one rotor face is in compression in both the radial and tan-
gential directions
t
An element located directly across the
rotor on the opposite face is in tension in both directions.
In a symmetrical disk the radial and tangential stresses
at the center, r=0, are equal. These stresses are also the
maximum stresses developed and are of magnitude
For the specific conical disk considered, the stresses at
the center are again equal. It is significant that these
are not the maximum stresses generated within the rotor.
The maximum middle surface radial stress occurs at a relative
radius of approximately 0.6, and the maximum middle surface
tangential stress occurs nearly at maximum radius. At the
center of the conical disk, the magnitude of the middle
surface stress is much less than in a symmetrical rotor,
and this surface is actually in compression! At r=0, these
stresses are
^U" H." - ,28 ^r^"*'
The largest stresses generated within the conical rotor
are the compressive radial stress of the convex face at r=0,
and the tensile tangential stress of the concave face at r=R.
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CONCLUSIONS AND RECOMMENDATIONS
The exact solution described in this section of the
report will predict the stresses in any conical rotor of
constant thickness. The parameter of importance in defining
non-dimensional stress functions is ("NH). The detailed
stresses are additionally dependent upon the parameters
(tan°<) and (/- ^ ). It is recommended that systematic
calculations be conducted assuming various values of ("NR),
to determine the effects of this parameter on the rotor
stress distribution.
It is recommended that the stress functions ^ , 4* .
^to » "X, » Yx » and Xta , and their derivatives, be tabulated
and plotted against (Ar), This will permit determining the
stresses in any conical rotor of constant thickness without
the necessity of using a computer.
The assumption of linear elements parallel to the axis
of rotation requires further investigation to determine its
validity for rotors of large cone angles.
For the specific rotor tested, the stresses of the
middle surface were found to be generally less than in a sym-
metrical disk. The stresses on the faces however, were
considerably larger than in a symmetrical disk. Stresses
across the thickness of the disk were found to vary con-
siderably, at some radial locations changing from compression
on one face to tension on the other.
The measured stresses, as determined from the hot spin
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unit of the United States Naval Postgraduate School, were
generally in good agreement with theoretical values. The
differences in these values are primarily attributed to an
experimental rotor which varied somewhat from theoretical.
A small amount of data scatter is attributed to strain gages
which were not temperature compensated.
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Note; Gages numbers 9 and 10 are on the reverse
rotor face opposite gages 3 and k.
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Fig. 10. Example Coned Rotor Cross Section
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Fig. 11. Equilibrium of an Element in a Conical Rotor
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Test Data for Symmetrical Disk Rotor
Gagel Zero Ave.
2








1 .99 1.15 .16
3 .99 1.19 .20 940
4 1.22 1.38 .16 842
5 1.03 1.21 .18 942
6 .96 1.18 .22 921
7 .97 1.17 .20 926
8 .96 1.11 .15 805
1 .99 1.33 .34
3 .99 1.4l .42 1980
4 1.22 1.56 .34 1780
5 1.03 1.44 .41 2125
6 .96 1.45 .49 2320
7 .97 I.36 • 39 1830
8 .96 1.27 .31 I632
1 .99 1.59 .60
3 .99 1.70 .71 3355
4 1.22 1.80 .58 3040
5 1.03 1.71 .69 3600
6 .96 1.80 .84 3970
7 .97 1.66 .69 3215
8 .96 1.49 .53 2820
1 .99 1.99 1.00
3 .99 2.16 1.17 5480
1* 1.22 2.14 .92 4860
5 1.03 2.16 1.13 4740
6 .96 2.35 1.39 6550
7 .97 2.11 1.14 5340
8 .96 1.85 .89 4720
1 .99 2.41 1.41
3 .99 2.67 1.68 8300
4 1.22 2.55 1.33 67OO
5 1.03 2.66 I.63 8540
6 .96 2.96 2.00 9440
7 .97 2.58 1.61 7540
8 .96 2.22 1.26 6670
1 .99 ____
3 .99 3.24 2.05 9810
4 1.22 3.00 I.78 9150
5 1.03 3.25 2.22 11,600
6 .96 3.69 2.73 12,860
7 .97 3.19 2.22 10,370
8 .96 2.69 1.73 9170
1. Gage Factor = 2.13
2. Three data points used for each average reading. These
points had about one percent variation.
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APPENDIX A
Computer Program for Centrifugal Stresses
in a Hotor of Arbitrary Cross Section
The programming procedure for PROGRAM ROTOR is pre-
sented in a step by step outline so that an understanding
of the analysis is unnecessary.
Consider the rotor cross section shown in Fig. 2.
Step 1. Select points n on the rotor boundary that are
about equally spaced and best define the boundary.
The maximum number of points that may be chosen
is twenty five.
Step 2. Construct an imaginary boundary around the rotor
cross section.
Step 3» Select points m on the imaginary boundary. The
number of points m must equal the number of points
n on the rotor.
Step 4. Determine the r and z coordinates of each point
n and m
.
Step 5* Determine the angles that the rotor surface makes
with the radial direction. These angles must be
recorded in fractions offr. (0< "K ^. 1.0)
Step 6. Determine normal and tangential boundary stresses
at each point n.
With the above information, prepare data cards. These
are punched in the following format: (2F10.2, F10.4, 2F10.1,
2F10.2). The information on these cards is in the following
order.
rn _ The radial distance of each point n. (in.)
zn
- The axial distance of each point n. (in.)
"\
- The angle Is in fractions of ir .
07, - The normal boundary stress at each point n. (psi)
"tf
n
- The tangential boundary stress at each point n. (psi)
79
r - The radial distance of each point m. (in.)
m
z - The axial distance of each point m. (in.)
m
Four other known constants are also punched on a single
data card. This card has the following format: (110, F10.0,
P10.il-, E10.1). The information on this card is in the
following order.
n - The number of chosen points n.
uj - The angular velocity in revolutions per minute.
v - Poisson's ratio.
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APPENDIX B
Evaluation of Material Properties
Tensile and torsional test specimens were machined from
the same stock as the two test rotors. Fig. 17 contains
the machinist's drawing for the tensile test specimen. The
torsion test specimen was a one inch diameter bar.
A Rlehle Model PS-300 Universal testing machine was
used to test the tensile specimens. This machine prints a
graph of load percentage versus strain, of which Fig. B-l is
a sample. The modulus of elasticity is calculated from the
linear portion of the curve. A series of four specimens were
tested and the values of E determined were





From these tests the average value of E was determined as
E = 10.5x10 (psi)
The torsion tests were conducted using the Tinius-Olsen
torsion testing machine. The outputs of this machine are
applied torque and angle of twist. From this information
the modulus of rigidity is computed using the formula





The test data from two test runs is shown on Table B-I.
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Values of modulus of rigidity obtained from these data were
Test No. G x 10 (psi)
1 3-94
2 3.9^
which gives an average value of G as
G=3-9^xl06 (psi)
Poisson*s ratio was calculated from the formula
_E_
ZG*-.^fe -J
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Gage length = L = 3 5/8 inches
Lever arm = R = 12 inches




Random errors of measurement
Using the method of least squares, it is desired
to obtain the best straight line through a series of
measured data points, and to determine a standard deviation
of these data. Assuming that this straight line passes
| 1 1 g ctll
through the origin of x-y coordinates it is defined by
The best line can be obtained by minimizing the sum of
squares of the deviations between the y values of this line
and the measured y values, y , at each point n. This "sum
of squares", S , is defined as
and it is desired that this quantity be minimized. Taking
the derivative of this quantity with respect to ra and





Substitution of this value of m into equation (1) gives
s / v -
J -I
The degrees of freedom in this specific application







The quantity (s) is then the estimated standard dev-
iation.
Using this method, Table C-I summarizes these values
for the data obtained from the hot spin unit.
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TABLE C-I
Summary Of Random Errors Of Measurement
Stress No. of Sum of
Radius Direction Points Slope Squares
1.5 radial 11 .00383 344 ,782
1.5 tangential 10 .00348 87 ,708
3.25 radial 20 .00273 20 ,720
3.25 tangential 20 .00310 935 ,180
Mean Overall 61 1.438 ,390







1.5 9 9,745 98.5 0.77%
3.25 19 1,090 32.5 0.35%
3.25 19 51.851 225. Z.l6%
Mean Overall 57 25.250 159. 1.24#
Mean Overall Standard Deviation of Strain'
= 159
,
= 15.2 x 10"6 in/in
10.5 x 10°
1. Reference Stress = 12,850 psi
2. E = 10.5 x 106 psi
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APPENDIX D
Computer solution for centrifugal stresses in a conical rotor
This computer solution utilizes six term approximations
to represent the stress functions V and X of the general
solution for the centrifugal stresses in a conical rotor.
This computer program as presented is for the specific
case discussed in Part III of this report. Terms have been
named to resemble as nearly as possible those used in the
analysis. The results of this program are the radial and
tangential surface stresses of the specified rotor. Radial
distance increments of 0.25 inches and centrifugal speed
increments of 1000 revolutions per minute have been utilized.
This program is easily adapted for computing the stresses
in any conical rotor of interest. The following changes
should be made to adapt the program to the rotor of concern.
Description
maximum rotor radius (in.)
mass density of rotor material
Poisson's ratio
tangent of the cone angle
rotor thickness
Possible additional desired changes might include line
6 to investigate centrifugal speeds greater than 15.000 rpm,
line h2 for stresses at radii below 0.5 inches, lines 4 3 and
64 for radius increments other than 0.25 Inches, and line 66












































































LU II II o


























r—1 o j;< *
tr x <
<
• o o U_















































CM LU \ —
^ u <r —





















































II II II II
2"
CM CO <T CO Lu
CD CQ < < U
Ii Z II z o
< U a (J r-l
II Z Ii LU












































— + vO — X
CO


































































































II oH || O
-. *
CO *



































































































































































a: q: •- >— cc cc o
co
c. i— t— Q.hZZ II
X uj uj q:






















s xCM X S
;- • e a z
< O — CC X
S
-f (— II r—
lT CC 2 2. Z O O
o ii o a o z z











U. S. Naval Postgraduate School
Monterey, California
3. Commander, Naval Air Systems Command 1
Department of the Navy
Washington, D. C. 20360
^. Dr. Richard W. Bell 2
Chairman, Department of Aeronautics
U. S. Naval Postgraduate School
Monterey, California
5. Dr. Theodore H. Gawain 2
Department of Aeronautics
U. S. Naval Postgraduate School
Monterey, California
6. LT. Robert Lee Harshberger, USN 1
1132 Eds on Avenue
Johnstown, Pennsylvania






DOCUMENT CONTROL DATA • R&D
(Security ctmmaltication ol tide, body of abetract and indexing annotation mull ba entered when the overall report ia claaaltled)
I. ORIGINATING ACTIVITY (Corporate author)
United States Naval Postgraduate School
Monterey, California




CENTRIFUGAL STRESSES IN CONICAL ROTORS
AND ROTORS OF ARBITRARY CROSS SECTION
4- DESCRIPTIVE NOTES (Type ol report and Inclusive datea)
5< AUTHOR(S) (Laat name, ft rat name, initial)
Harshberger, Robert L, LT. USN
Troutman, Darrell C. LT. USN
6. REPORT DATE
May 1966
7a. TOTAL NO. OF PACES
101
7b. NO. OF REFS
8a. CONTRACT OR GRANT NO.
b. PROJECT NO.
9a. ORIGINATOR'S REPORT NUMBERfSj
9b. OTHER REPORT NICK'S; (A ny other numbera that may be meetgned
this report)
10. AVAILABILITY/LIMITATION NOTICES
11. SUPPLEMENTARY NOTES 12. SPONSORING MILITARY ACTIVITY
Naval Air Systems Command
Department of the Navy
Washington, D. C.
13. ABSTRACT
Part I of this report evaluates a computer solution for
the centrifugal stresses in rotors of arbitrary cross section,
as proposed by LT. R. A. Johnson in 1965. This solution was
found to be unstable and in its present form is unacceptable.
(U)
Part II is an evaluation of the hot spin test unit of
the United States Naval Postgraduate School. This facility
was found capable of measuring strains with excellent accuracy.
(U)
Part III presents a new and original analytical solution
for the stresses in any conical rotor of constant thickness.
The theoretically predicted stresses are found to be in close
agreement; with the measured values for the particular rotor
tested. (U)


















1. ORIGINATING ACTIVITY: Enter the name and address
of the contractor, subcontractor, grantee, Department of De-
fense activity or other organization (corporate author) issuing
the report.
2a. REPORT SECUHTY CLASSIFICATION: Enter the over-
all security classification of the report. Indicate whether
"Restricted Data" is included. Marking is to be in accord-
ance with appropriate security regulations.
26. GROUP: Automatic downgrading is specified in DoD Di-
rective 5200. 10 and Armed Forces Industrial Manual. Enter
the group number. Also, when applicable, show that optional
markings have been used for Group 3 and Group 4 as author-
ized.
?. REPORT TITLE: Enter the complete report title in all
capital lf»tt<rrs. Titles in all cases should be unclassified.
If f> meaningful title cannot be selected without classifica-
tion, show title classification in all capitals in parenthesis
immediately following the title.
4. DESCRIPTIVE NOTES: If appropriate, enter the type of
report, e.g., interim, progress, summary, annual, or final.
Give the inclusive dates when a specific reporting period is
covered.
5. AUTHOR(S): Enter the name(s) of authors) as shown on
or jr« thf» report. Enter last name, first name, middle initial.
If military, show rank and branch of service. The name of
the principal <*;jthor is an absolute minimum requirement.
6. REPORT DATL: Enter the date of the report as day,
month, year; or month, year. If more than one date appears
on the report, use date of publication.
7a. TOTAL NUMBER OF PAGES: The total page count
should follow normal pagination procedures, i.e., enter the
number of pages containing information.
76. NUMBER OF REFERENCES: Enter the total number of
references cited in the report.
8a. CONTRACT OR GRANT NUMBER: If appropriate, enter
the applicable number of the contract or grant under which
the report was written.
8b, 8c, & 8d. PROJECT NUMBER: Enter the appropriate
military department identification, such as project number,
subproject number, system numbers, task number, etc.
9a. ORIGINATOR'S REPORT NUMBER(S): Enter the offi-
cial report number by which the document will be identified
and controlled by the originating activity. This number must
be unique to this report.
96. OTHER REPORT NUMBER(S): If the report has been
assigned any other report numbers (either by the originator
or by the sponsor), also enter this number(s).
10. AVAILABILITY/LIMITATION NOTICES: Enter any lim-
itations on further dissemination of the report, other than those







"Qualified requesters may obtain copies of this
report from DDC"
"Foreign announcement and dissemination of this
report by DDC is not authorized."
"U. S. Government agencies may obtain copies of
this report directly from DDC. Other qualified DDC
users shall request through
"U. S. military agencies may obtain copies of this
report directly from DDC Other qualified users
shall request through
"All distribution of this report is controlled. Qual-
ified DDC users shall request through
If the report has been furnished to the Office of Technical
Services, Department of Commerce, for sale to the public, indi-
cate this fact and enter the price, if known.
11. SUPPLEMENTARY NOTES: Use for additional explana-
tory notes.
12. SPONSORING MILITARY ACTIVITY: Enter the name of
the departmental project office or laboratory sponsoring (pay-
ing for) the research and development. Include address.
13- ABSTRACT: Enter an abstract giving a brief and factual
summary of the document indicative of the report, even though
it may also appear elsewhere in the body of the technical re-
port. If additional space is required, a continuation sheet shall
be attached.
It is highly desirable that the abstract of classified reports
be unclassified. Each paragraph of the abstract shall end with
an indication of the military security classification of the in-
formation in the paragraph, represented as (TS), (S), (C), or (V).
There is no limitation on the length of the abstract. How-
ever, the suggested length is from 150 to 225 words.
14. KEY WORDS: Key words are technically meaningful terms
or short phraaes that characterize a report and may be used as
index entries for cataloging the report. Key words must be
selected so that no security classification is required. Identi-
fiers, such as equipment model designation, trade name, military
project code name, geographic location, may be used as key
words but will be followed by an indication of technical con-
text. The assignment of links, rales, and weights is optional.



















1. ORIGINATING ACTIVITY: Enter the name and address
of the contractor, subcontractor, grantee, Department of De-
fense activity or other organization (corporate author) issuing
the report.
2a. REPORT SECUFITY CLASSIFICATION: Enter the over-
all security classification of the report. Indicate whether
"Restricted Data" is included. Marking is to be in accord-
ance with appropriate security regulations.
26. GROUP: Automatic downgrading is specified in DoD Di-
rective 5200.10 and Armed Forces Industrial Manual. Enter
the group number. Also, when applicable, show that optional
markings have been used for Group 3 and Group 4 as author-
ised.
3. REPORT TITLE: Enter the complete report title in all
capital letters. Titles in all cases should be unclassified.
If a meaningful title cannot be selected without classifica-
(ion, show title classification in all capitals in parenthesis
immediately following the title.
4. DESCRIPTIVE NOTES: If appropriate, enter the type of
report, e.g., interim, progress, summary, annual, or final.
Give the inclusive dates when a specific reporting period is
covered.
5. AUTHOR(S): Enter the name(s) of authors) as shown on
or in tho report. Enter last name, first name, middle initial.
If military, show rank and branch of service. The name of
the principal author is an absolute minimum requirement.
6. REPORT DATL: Enter the date of the report as day,
month, year; or month, year. If more than one date appears
on the report, use date of publication.
7a. TOTAL NUMBER OF PAGES: The total page count
should follow normal pagination procedures. i.e. , enter the
number of pages containing information.
76. NUMBER OF REFERENCES: Enter the total number of
references cited in the report.
8a. CONTRACT OR GRANT NUMBER: If appropriate, enter
the applicable number of the contract or grant under which
the report was written.
8b, 8c, 8s 8d. PROJECT NUMBER: Enter the appropriate
military department identification, such as project number,
subproject number, system numbers, task number, etc.
9a. ORIGINATOR'S REPORT NUMBER(S): Enter the offi-
cial report number by which the document will be identified
and controlled by the originating activity. This number must
be unique to this report.
96. OTHER REPORT NUMBER(S): If the report has been
assigned any other report numbers (either by the originator
or by the sponsor), also enter this number(s).
10. AVAILABILITY/LIMITATION NOTICES: Enter any lim-
itirtions on further dissemination of the report, other than those
imposed by security classification, using standard statements
such as:
(1) "Qualified requesters may obtain copies of this
report from DDC"
(2) "Foreign announcement and dissemination of this
report by DDC is not authorized.
"
(3) "U. S. Government agencies may obtain copies of
this report directly from DDC. Other qualified DDC
users shall request through
(4) "U. S. military agencies may obtain copies of this
report directly from DDC Other qualified users
shall request through
(5) "All distribution of this report is controlled. Qual-
ified DDC users shall request through
If the report has been furnished to the Office of Technical
Services, Department of Commerce, for sale to the public, indi-
cate this fact and enter the price, if known.
11. SUPPLEMENTARY NOTES: Use for additional explana-
tory notes.
12. SPONSORING MILITARY ACTIVITY: Enter the name of
the departmental project office or laboratory sponsoring fpay*
ing for) the research and development. Include address.
13- ABSTRACT: Enter an abstract giving a brief and factual
summary of the document indicative of the report, even though
it may also appear elsewhere in the body of the technical re-
port. If additional space is required, a continuation sheet shall
be attached.
It is highly desirable that the abstract of classified reports
be unclassified. Each paragraph of the abstract shall end with
an indication of the military security classification of the in-
formation in the paragraph, represented as (TS), (S), (C), or (V).
There is no limitation on the length of the abstract. How-
ever, the suggested length is from 150 to 225 words.
14. KEY WORDS: Key words are technically meaningful terms
or short phrases that characterize a report and may be used as
index entries for cataloging the report. Key words must be
selected so that no security classification is required. Identi-
fiers, such as equipment model designation, trade name, military
project code name, geographic location, may be used as key
words but will be followed by an indication of technical con-
text. The assignment of links, rales, and weights is optional.









^ M.C. -8 E«jpc(.Y
5pA.ccts on iSo e.c.
(f&e /CioTe 4)
Mita. De-p-ru of Pull
;
5?Acei> &a< l.5o Be. (See Wote4)
_i

























l"2.oe>7 AAax.Dia. ^p |0° ko-ro-R-.
8 - /^ A-l.C. CaP5£R&<jl>V
IJcLlooi Me./, HeaC
DSULL6.D Fo« Safety' vOia,
'/ Mr - M , aJ .
T w e r
2,og7
p e C> 1 a .






.5^5 *."<*>* & I
! Ta S-T PlE-d I"
J D.
AJOTE-S
f. 1. R .
7-3 ,, A




.2.10 i- .00 5 AT






U API U *) !"5 r
B<-B M'.
U/JOts.. *
- 1 5 n ip
A) &.
I , WI'L AA£T IF Lio.MT
Puiu FIT WlTI To Be
2. iOlt. 1 - E ,-.' & -
Pu5« Fit ?tT/JSE« steel Piece aajo
. 1
3-J^S- 5T6E L r--, A ": ,v . _ATfc FoP-
LoCATI*J6i —
;
/4 TAPpe-U Hot£5 « A]
Ui^6$ £oS 8.UJI5& lAJ^OKE
tifact ^aatcmiajGj op" Tapped ^
4- WeM.0VB All E>k>ftW.5 fl/Ut
; j J
i rr o 2. )
(Xl. Alloy)





I 2. c -"-.': /V\a / Dia -c |0" bTofc.
|4 _LLOUJ 1-16-/, l-t £ A O-















stress in conical rotors and
3 2768 002 08258 ftf^LEY KNOX mj:j8r
BH3
WfiBsflrmmWWMHHI
' ;,'!'..'. ;'':,'''/' '
11
1S»nDOtai
SHIS.
mHp1119
iffl
Sfo
i'.'-V.•''.•
EBffiU88MMS
